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1. Introduction, notation and preliminaries
A dendrite X is a locally connected continuum without simple closed curves. A very complete list of characterizations of
this curves can be found in [5]. In 2002, [14, Corollary 3.4] proved that given a dendrite X, its space of selections denoted
by Σ(X) is an absolute retract and it was also proved that it is not an arc. Following this work, it seemed natural to ask,
if the space of selections of a dendrite was homeomorphic to the Hilbert space l2 (see [13, Problem 44, Question 755]).
This question was answered in the positive by R. Cauty in [3], he proved that the space of selections of a nondegenerate
dendrite is homeomorphic to the Hilbert space l2. Also in [14, Part 4], McParland constructed a nondegenerate dendroid
that admits precisely one selection. Since the space of selections of a dendroid can vary from the Hilbert space l2 to a point,
it comes very natural to ask for which classes of dendroids X , the space of selections Σ(X) is l2. The main result of this
paper is that the space of selections of a smooth fan is homeomorphic to the Hilbert space l2. The techniques used for these
proofs are intrinsically related to the fact that X is a smooth fan, and it does not seem so natural to extend these results
to other types of dendroids. So the question of characterizing those dendroids whose space of selections is l2, remains
open.
By a space we mean a metric space, and a mapping means a continuous function. We use N and R to denote the positive
integers and the real numbers, respectively.
For A ⊂ X we denote clX (A), intX (A) and BdX (A) as the closure, the interior and the boundary of A in X, correspond-
ingly.
The symbol diam(A) means the diameter of A.
Given two sets A and B , A − B denotes the set theoretical difference of A minus B .
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B(ε, x) = {y ∈ X: d(x, y) < ε},
N(ε, A) = {p ∈ X: there is a ∈ A such that d(a, p) < ε}.
Given a continuum X deﬁne
2X = {A ⊂ X: A is non empty and closed},
C(X) = {A ∈ 2X : A is connected},
F1(X) =
{{x}: x ∈ X}⊂ C(X), observe that F1(X) is homeomorphic to X .
Given a point p ∈ X, deﬁne the hyperspace
Cp(X) =
{
A ∈ C(X): p ∈ A}.
We consider these hyperspaces with the Hausdorff metric H deﬁned by
H(A, B) = inf{ε > 0: A ⊂ N(ε, B) and B ⊂ N(ε, A)}.
Denote by
BH (ε, A) = {B ∈ C(X): H(A, B) < ε}.
Given x ∈ X and A a closed subset of X, let d(x, A) = min{d(x,a): a ∈ A}. A continuum is decomposable if it can be written
as the union of two proper subcontinua; indecomposable if it is not decomposable.
An arc means a space homeomorphic to the closed unit interval [0,1] in R, we denote the unit interval by I .
A dendroid is an arcwise connected and hereditarily unicoherent continuum, a dendrite is a locally connected dendroid
and can also be deﬁned (see [5]) as a locally connected continuum containing no simple closed curves. Dendroids are
uniquely arcwise connected; every subcontinuum of a dendroid is a dendroid; dendroids are hereditarily decomposable, one
dimensional and acyclic, see [10, p. 193]. Let X be a dendroid and for p,q ∈ X , let pq denote the only arc in X that joins p
and q.
A point p ∈ X is called a ramiﬁcation point of X provided that there exists three different arcs A1, A2 and A3 such that
the intersection of any two of them is p.
A fan is a dendroid with only one ramiﬁcation point, and we call this ramiﬁcation point the vertex. A dendroid X is
smooth provided that there exists a point p ∈ X, called initial point, such that for each convergent sequence {xn}n∈N of X,
converging to a point x ∈ X,the sequence of arcs {pxn}n∈N in C(X) converges to the arc px. Hence a smooth fan is a smooth
dendroid with only one ramiﬁcation point. In [6, Corollary 9 and Theorem 10], it was proved that the vertex v , of a smooth
fan X, is always an initial point and that X admits a convex metric d around v . We will use these facts through all this
paper.
We deﬁne the Cantor Fan, Fc , as the cone over the Cantor set, C . We will think of the Cantor Fan embedded in the
unit disk in R2, in terms of polar coordinates, with vertex v = (0,0) and the cantor set C , embedded in the unit circle
with |θ | < π2 . Then for each θ ∈ C , Lθ = {(r, θ): r ∈ I} and Fc =
⋃{Lθ : θ ∈ C}. It is well known, that every smooth fan is
embeddable in the Cantor Fan Fc (this follows from [4, Theorem 9, p. 27] and [11, Corollary 4], see also [8]).
A retraction is a continuous function r from a space Y , into Y , such that r is the identity on its range.
A selection is a map s : C(X) → X , such that s(A) ∈ A for every A ∈ C(X). Since for every {p} ∈ F1(X), s({p}) = p, then
a selection can be considered as a retraction from C(X) onto F1(X). In [15, Lemma 3 and Theorem 1], Nadler and Ward
proved that a continuum that admits a selection is a dendroid and also that smooth dendroids admit selections.
Given a dendroid X , we denote by Σ(X) the space of selections of X . We use S as the metric in Σ(X), where S(s, g) =
sup{d(s(x), g(x)): x ∈ X}.
The Hilbert space l2 is the vectorial space deﬁned by
l2 =
{
(an)
∞
n=1: an ∈ R and
∞∑
n=1
a2n < ∞
}
.
We will follow the notation of Borsuk from [1] in deﬁning AR to be the class of metric continua which are absolute retracts.
A metric space K , is called an absolute retract (written AR) provided that whenever K is embedded in a metric space Y , the
embedded copy of K is a retract of Y .
We denote by In the product of n copies of I and
⊕
In the topological sum of the spaces In , with n  1. A family
{Fn: n  1} of subspaces of a space X is discrete if every point of X has a neighborhood that intersects at most one
element of the family {Fn: n 1}.
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Through all this section X denotes a smooth fan embedded in the Cantor Fan Fc , with vertex v = (0,0). The main result
of this section is Theorem 2.11.
Recall that I denotes the unit interval [0,1].
Deﬁnition 2.1. Let X be a smooth fan with vertex v . A leg L of X is an arc in X with v as an end point of L and it is
maximal with respect to this property. Then a leg L of X is the maximal arc of X ⊂ Fc , contained in Lθ for some θ ∈ C .
Remark 2.2. For every x ∈ X − {v}, there exists exactly one leg L that contains x.
Deﬁnition 2.3. Given a smooth fan Y , a leg L of Y , and a positive real ε > 0, a raceme of radius ε > 0 around L in Y ,
denoted by R(ε, L, Y ) is the set R(ε, L, Y ) = {x: there exists a leg K of Y such that x ∈ K and K ⊂ N(ε, L)}.
Deﬁnition 2.4. Given a smooth fan Y with vertex v , a leg L of Y , and ε > 0, a semiraceme of radius ε > 0 around L in Y ,
denoted by SR(ε, L, Y ) is the set SR(ε, L, Y ) = R(ε, L, Y ) − {v}.
Proposition 2.5. Let Y be a smooth fan with vertex v, L a leg of Y and ε > 0, then the semiraceme SR(ε, L, Y ) is an open set of Y .
Proof. We prove that A = Y − SR(ε, L, Y ) is closed. Let {an}∞n=1 be a convergent sequence of elements of A, such that
an → a ∈ Y . If a = v , then a ∈ A.
Suppose then that a = v . Then for every n ∈ N, we may assume that an = v . Denote by Pn the leg of Y that contains
an , and yn the other end point of Pn = vyn . We may assume that the sequence {yn}∞n=1 is convergent and yn → y ∈ Y .
Since Y is a smooth fan, then the sequence of arcs {Pn}∞n=1 = {vyn}∞n=1 converges to the arc vy in C(X). Since an ∈ Pn , then
a ∈ vy. Since an /∈ R(ε, L, Y ), then Pn  N(ε, L); take xn ∈ Pn such that xn /∈ N(ε, L) and we may assume that {xn}∞n=1 is a
convergent sequence, with xn → x ∈ Y . Then since xn ∈ Pn = vyn → vy, then x ∈ vy and since N(ε, L) is an open set of Y ,
then x /∈ N(ε, L). We have proved that vy  N(ε, L).
Let K be a leg of Y such that vy ⊂ K , since a ∈ K and K  N(ε, L), then a /∈ R(ε, L, Y ). Hence a ∈ A, which proves that
A is closed and ends the proof of the proposition. 
Deﬁnition 2.6. Let X be a smooth fan with vertex v and space of selections Σ(X), then Σv (X) = {s ∈ Σ(X): s(A) = v for
each A ∈ Cv (X)}.
The following proposition will be useful.
Proposition 2.7. Let X be a smooth fan with space of selections Σ(X), s ∈ Σ(X), {sn}∞n=1 be a sequence of selections in Σ(X) that
converges uniformly to s and ε > 0. Then there exist δ > 0 and N ∈ N such that for every B,C ∈ C(X) with H(B,C) < δ and n > N, it
is satisﬁed that d(s(B), s(C)) < ε and d(sn(B), sn(C)) < ε.
Proof. Since s ∈ Σ(X) is uniformly continuous, let δ > 0 such that if B,C ∈ C(X) with H(B,C) < δ then, d(s(B), s(C)) < ε2 .
Since sn → s uniformly, let N ∈ N such that for every A ∈ C(X) and n > N then d(s(A), sn(A)) < ε4 . This way we obtain that
if H(B,C) < δ and n > N , then
d
(
sn(B), sn(C)
)
 d
(
sn(B), s(B)
)+ d(s(B), s(C))+ d(s(C), sn(C))< ε
4
+ ε
2
+ ε
4
< ε. 
Proposition 2.8. Let X be a smooth fan with vertex v, ε > 0 and A, B ∈ Cv (X) such that H(A, B) < ε. Then there exists a path
α : [0,1] → Cv (X) such that α(0) = A, α(1) = A ∪ B and for each t,u ∈ [0,1], H(α(u),α(t)) < ε.
Proof. Deﬁne Bt = clX (B(t, v)) and α : [0,1] → Cv (X) as α(t) = A∪ (Bt ∩ B), recall that Bt is a continuum, since d is convex
around v . Hence α is a map with the required properties. 
Lemma 2.9. Let X be a smooth fan with vertex v and space of selections Σ(X), take s ∈ Σ(X) and A ∈ Cv (X) such that s(A) = v.
Let {sn}∞n=1 be a sequence of selections in Σ(X) that converges uniformly to s. Then there exist N ∈ N such that for every n > N, it is
satisﬁed that sn(A) and s(A) are in the same leg.
Proof. Suppose to the contrary that there exists a subsequence {snm }∞m=1 of {sn}∞n=1, such that for every m ∈ N, snm (A) and
s(A) are in different legs. Let ε > 0 such that d(v, s(A)) > ε, then for each m ∈ N, we may assume that d(v, snm (A)) > ε.
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the point snM (A). Notice that by Proposition 2.5, SR(δ, L, A) = R(δ, L, A) − {v} is an open set of A, therefore R(δ, L, A) is a
neighborhood of s(A) = v .
Take K the leg of A such that snM (A) ∈ K . Then K = L and K ⊂ R(δ, L, A).
Now we deﬁne a set of continua δ-near to A. Let E = (A − SR(δ, L, A))∪ L and for each t ∈ [0,1] let Bt = clA(B(t, v)) be
as in Proposition 2.8, and since A = E ∪ (B1 ∩ R(δ, L, A)), then E, A ∈ Cv (X).
We show that H(E, A) < δ, clearly E ⊂ N(δ, A). To prove that A ⊂ N(δ, E), take a ∈ A − E , then a ∈ R(δ, L, A), hence
a ∈ N(δ, L) ⊂ N(δ, E). Therefore H(E, A) < δ.
By Proposition 2.8, there exists a path α : [0,1] → Cv (X) such that α(0) = E , α(1) = E ∪ A = A, and for every t ∈ [0,1],
H(α(u),α(t)) < δ.
Since K ∩ E = {v}, H(A, E) < δ and d(v, snM (A)) > ε then snM (E) /∈ K . By hypothesis snM (A) ∈ K −{v}. Then, snM (α([0,1]))
is a path in X and by the choice of δ and Proposition 2.7, for each t ∈ [0,1],d(snM (α(t)), snM (A)) < ε. On the other hand,
since snM (α(0)) and snM (α(1)) are in different legs of A, and A is uniquely arcwise connected, there exists t0 ∈ [0,1], such
that snM (α(t0)) = v , by the choice of ε, this means that d(snM (α(t0)), snM (A)) ε which is a contradiction, to our choice of
δ and M > N as in Proposition 2.7. Hence, the lemma is proved. 
Lemma 2.10. Let X be a smooth fan with vertex v and space of selections Σ(X), take s ∈ Σ(X), {An}∞n=1 a sequence of elements of
Cv (X) and A ∈ Cv (X) such that s(A) = v and An → A. Then there exists M ∈ N, such that for every n > M, s(An) and s(A) are in the
same leg of X .
Proof. By [10, 6.4 Exercise], we have that Cv (X) is homeomorphic to a Hilbert cube thus, it is locally arcwise connected
and the lemma follows. 
Lemma 2.11. Let X be a smooth fan with vertex v and s in its space of selections Σ(X). For every ε > 0, there exists δ > 0 such
that if g ∈ Σ(X) and S(s, g) < δ, then for every A ∈ C(X), either s(A) and g(A) are in the same leg of A, or d(s(A), v) < ε and
d(g(A), v) < ε.
Proof. Suppose to the contrary that there exists ε > 0, such that for every n ∈ N, there exist gn ∈ Σ(X) and An ∈ C(X) such
that s(An) and gn(An) are in different legs, S(s, gn) < 1n and either d(s(An), v) ε or d(gn(An), v) ε.
First observe that since s(An) and gn(An) are in different legs, then, An ∈ Cv (X) for each n ∈ N. We may assume that the
sequence {An}∞n=1 in Cv (X) converges and since Cv (X) is closed, An → A ∈ Cv (X).
Observe that d(v, s(A)) ε.
Since gn converges uniformly to s, choose η > 0 and M0 ∈ N to be as in Proposition 2.7 (where δ is η and N is M0).
Since An → A, let M1 > M0 such that H(A, An) < η2 for n > M1.
Let n > M1, since A, An ∈ Cv (X) and H(A, An) < η2 . By Proposition 2.8, there exist paths α,β : [0,1] → Cv (X), such that
α(0) = A, α(1) = A ∪ An , β(0) = An , β(1) = An ∪ A and for every t,u ∈ [0,1], H(α(u),α(t)) < η2 and H(β(u), β(t)) < η2 .
Deﬁning φ : [0,1] → Cv (X) as
φ(t) =
{
α(2t), if t ∈ [0, 12 ],
β(2− 2t), if t ∈ [ 12 ,1],
we obtain a path in Cv (X) with diam(φ([0,1])) < η.
Therefore s(φ([0,1])) is a path in X , such that for each t ∈ [0,1], d(s(A), s(φ(t))) < ε. Hence s(φ([0,1])) is contained in
the same leg of s(A).
Also, since n > M1 > M0, by Proposition 2.7, gn(φ([0,1])) is a path in X , such that for each t ∈ [0,1], we have that
d(gn(A), gn(φ(t))) < ε. Hence gn(φ([0,1])) is contained in the same leg of gn(A).
Hence for every n > M1, s(A) and gn(A) are in different legs. This contradicts Lemma 2.9 and ends the proof. 
3. The space Σ(X) is an AR
In this section we prove that if X is a smooth fan, then its space of selections Σ(X) is an AR . In a ﬁrst draft of this
paper, we proved this theorem using a Dugundji-type construction similar to the ones used in [7] and [12] and we made a
very long proof, then Professor R. Cauty showed us a shorter proof which is the one we will write.
The following notion was introduced in [2].
Deﬁnition 3.1. A topological space X is topologically convex if there exists a map φ : X × X × I → X satisfying the following
conditions:
(i) φ(x, y,0) = x and φ(x, y,1) = y for any x, y ∈ X ,
(ii) φ(x, x, t) = x for every x ∈ X and t ∈ [0,1],
(iii) every point x ∈ X has a basis of neighborhoods V , such that φ(V × V × I) ⊂ V .
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topologically convex. For every x ∈ X , let ρ(x) be its radius and ζ(x) its angle, notice that for the vertex v , ρ(v) = 0 and
ζ(v) can be every angle. A basis for a topology on X is given as the sets V (ζ0, ζ1;a,b) and Bε(x), where V (ζ0, ζ1;a,b) =
{x ∈ X: ζ0 < ζ(x) < ζ1 and a < ρ(x) < b}, for ζ0 < ζ1 with ζ1 − ζ0 < π and 0  a < b and Bε(x) = {x ∈ X: ρ(x) < ε} for
ε > 0.
Lemma 3.2. Let X be a smooth fan with vertex v and space of selections Σ(X). Let s0 ∈ Σ(X) and A0 ∈ C(X). If ρ(s0(A0)) > 0, then
there exists a neighborhood U of s0 in Σ(X) and a neighborhoodW of A0 in C(X) such that
(a) ζ(s(A)) = ζ(s0(A)) for every s ∈ U and A ∈W,
(b) ζ(s(A)) = ζ(s0(A0)) for every s ∈ U and A ∈ W∩ Cv (X), and
(c) ρ(s(A)) > 0 for every s ∈ U and A ∈W.
Proof. Case 1. v /∈ A0.
In this case, there exists a neighborhood W in C(X) such that W∩ Cv (X) = ∅. Therefore if A ∈ W, we have that for every
x ∈ A, ζ(x) is a constant, hence for every s ∈ Σ(X), we have that ζ(s(A)) = ζ(s0(A)) and (a) follows, (b) and (c) are trivial
and this case of the lemma is proved.
Case 2. v ∈ A0.
Let ε = d(s0(A0),v)4 > 0, by the continuity of s0, there exists δ1 > 0 such that δ1 < ε and s0(BH (δ1, A0)) ⊂ B(ε, s0(A0)) ⊂
X − {v}. Since A0 ∈ Cv (X) is a Hilbert cube, then W1, the component of BH (δ1, A0) ∩ Cv (X) that contains A0 is open in
Cv (X), hence there exists an open set W in C(X) such that W ⊂ BH (δ1, A0) and W ∩ Cv (X) = W1. Since W1 is connected,
then s0(W1) ⊂ X − {v} is connected, which implies that for every A ∈ W1, ζ(s0(A)) = ζ(s0(A0)).
Now, by Lemma 2.11 there exists δ2 < δ1 < ε such that if S(s, s0) < δ2, then for every A ∈ C(X), either
(I) ζ(s(A)) = ζ(s0(A)) or
(II) d(s(A), v) < ε and d(s0(A), v) < ε.
Notice that for every A ∈ W, d(s0(A), v)  ε, hence (I) is satisﬁed, which implies that (a) follows. Also, since we al-
ready had that for every A ∈ W1, ζ(s0(A)) = ζ(s0(A0)), we obtain that combined with (I), (b) is satisﬁed. Hence for
U = BΣ(X)(δ2, s0) and W, the lemma follows. 
Deﬁnition 3.3. Let X be a smooth fan with vertex v and space of selections Σ(X). Let α : Σ(X) × Σ(X) × C(X) → X be
deﬁned as follows:
α(s1, s2, A) =
{
(min(ρ(s1(A)),ρ(s2(A))), ζ(s1(A))), if ζ(s1(A)) = ζ(s2(A)),
v, if ζ(s1(A)) = ζ(s2(A))
for all s1, s2 ∈ Σ(X).
Lemma 3.4. Let X be a smooth fan with vertex v and space of selections Σ(X), then the function α of Deﬁnition 3.3 is continuous and
for every (s1, s2, A) ∈ Σ(X) × Σ(X) × C(X), we have that α(s1, s2, A) ∈ A.
Proof. Fix a point (s0, s′0, A0) ∈ Σ(X) × Σ(X) × C(X).
Case 1. ρ(s′0(A0)) = 0.
Then α(s0, s′0, A0) = v . For every ε > 0, we can choose U ′ and W in such a way that for every s′ ∈ U ′ and A ∈ W,
ρ(s′(A)) < ε, then ρ(α(s, s′, A)) < ε for (s, s′, A) ∈ Σ(X) × U ′ ×W, hence α is continuous in (s0, s′0, A0).
Case 1a. ρ(s0(A0)) = 0, in a similar way it is proven that α is continuous.
Case 2. ρ(s′0(A0)) > 0 and ζ(s0(A0)) = ζ(s′0(A0)).
Since ζ(s0(A0)) = ζ(s′0(A0)), we have that ρ(s0(A0)) > 0, hence by Lemma 3.2, there exist a neighborhood U of s0 in
Σ(X) and a neighborhood W1 of A0 in C(X) such that ζ(s(A)) = ζ(s0(A0)), for every s ∈ U and A ∈W1 ∩ Cv (X).
Also since ρ(s′0(A0)) > 0, there exist a neighborhood U ′ of s′0 in Σ(X) and a neighborhood W2 of A0 in C(X) such that
ζ(s′(A)) = ζ(s′0(A0)) and ρ(s′(A)) > 0, for all s′ ∈ U ′ and A ∈W2.
Hence for (s, s′, A) ∈ U × U ′ × (W1 ∩ W2), we have that ρ(s′(A)) > 0 and ζ(s(A)) = ζ(s′(A)), hence α(s, s′, A) = v is a
constant map in U × U ′ × (W1 ∩W2) and α is continuous in (s0, s′0, A0).
Case 3. ρ(s′0(A0)) > 0 and ζ(s0(A0)) = ζ(s′0(A0)).
By Case 1a, we may assume that ρ(s0(A0)) > 0. Let U ,U ′ and W be such that (U ,W) and (U ′,W) satisfy the conditions
of Lemma 3.2. Then for (s, s′, A) ∈ U ×U ′ ×W, we have that ζ(s(A)) = ζ(s′(A)) if v /∈ A and ζ(s(A)) = ζ(s0(A)) = ζ(s′0(A)) =
ζ(s′(A)) if v ∈ A. Hence for (s, s′, A) ∈ U ×U ′ ×W, α(s, s′, A) = (min(ρ(s(A)),ρ(s′(A))), ζ(s(A))), which is a continuous map
and proves the case.
By Cases 1, 2 and 3, α is a continuous function. It is easy to prove that α(s1, s2, A) ∈ A for every (s1, s2, A) ∈ Σ(X) ×
Σ(X) × C(X). 
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Deﬁnition 3.3, let ψ : Σ(X) × Σ(X) × I → Σ(X) be deﬁned as follows:
ψ(s1, s2, t)(A) =
{
((1− 2t)ρ(s1(A)) + 2tρ(α(s1, s2, A)), ζ(s1(A))), if 0 t  12 ,
((2t − 1)ρ(s2(A)) + (2− 2t)ρ(α(s1, s2, A)), ζ(s2(A))), if 12  t  1.
Lemma 3.6. Let X be a smooth fan with vertex v and space of selections Σ(X), then:
(A) the function ψ : Σ(X) × Σ(X) × I → Σ(X) of Deﬁnition 3.5 is continuous, and
(B) satisﬁes that ψ(s1, s2,0) = s1 , ψ(s1, s2,1) = s2 and ψ(s, s, t) = s, for every s1, s2, s ∈ Σ(X) and t ∈ [0,1].
Proof. We can consider ψ as a function with four variables and by symmetry we may assume that 0 t  12 . Fix a point
(s0, s′0, t0, A0) ∈ Σ(X) × Σ(X) × [0, 12 ] × C(X).
Case 1. s0(A0) = v .
Then ψ(s0, s′0, t0, A0) = v , and by Lemma 2.11, there exist a neighborhood U of s0 in Σ(X) and a neighborhood W
of A0 in C(X) such that ρ(s(A)) < ε, for every s ∈ U and A ∈ W. Hence ψ(s, s′, t)(A) ∈ B(ε, v) for every (s, s′, t, A) ∈
U × Σ(X) × [0, 12 ] ×W and ψ is continuous in (s0, s′0, t0, A0).
Case 2. s0(A0) = v .
In this case ρ(s0(A0)) > 0. We need only to prove that there exist neighborhoods U and U ′ of s0 in Σ(X) and a
neighborhood W of A0 in C(X) such that ρ(ψ(s1, s2, t)(A)) and ζ(ψ(s1, s2, t)(A)) are continuous in U × U ′ × [0, 12 ] ×W.
By Lemma 3.2, there exists a neighborhood U0 of s0 in Σ(X) and a neighborhood W0 of A0 in C(X) such that for every
s ∈ U0 and A ∈W0 we have that ζ(s(A)) = ζ(s0(A)) and ρ(s(A)) > 0.
Thus, for (s, s′, t, A) ∈ U0 × Σ(X) × [0, 12 ] × W0, we have that ζ(ψ(s, s′, t)(A)) = ζ(s0(A)), hence ζ ◦ ψ is continuous in
this product.
To prove that ρ ◦ψ is continuous in this product, notice that ρ ◦ψ(s0, s′0, t0, A0) = (1−2t)ρ(s0(A0))+2tρ(α(s0, s′0, A0)),
since ρ is continuous and by Lemma 3.4, α is continuous, we have that ρ ◦ ψ is continuous. Hence ψ is continuous in
(s0, s′0, t0, A0) and the case is proven.
By Cases 1 and 2 and a very simple computation the lemma is proven. 
Theorem 3.7. Let X be a smooth fan with vertex v and space of selections Σ(X), then Σ(X) is topologically convex.
Proof. Let ψ be the map of Deﬁnition 3.5. By Lemma 3.6, ψ satisﬁes the conditions (i) and (ii) of Deﬁnition 3.1, we only
need to prove that
(iii) every selection s ∈ Σ(X) has a basis of neighborhoods V , such that ψ(V × V × I) ⊂ V .
Let F be a compact set of C(X) and O an open set of X , deﬁne [F, O ] = {s ∈ Σ(X): s(F ) ⊂ O }, notice that [F, O ] is open
in Σ(X). Fix s ∈ Σ(X) and δ > 0, for every A ∈ C(X), let O A be a neighborhood of s0(A) in X , such that diam(O A) < δ
and such that O A is a set with the form V (ζ0, ζ ;a,b) or Bε(v) (if s0(A) = v, or s0(A) = v , respectively), and let WA be a
compact neighborhood of A in C(X) such that s0(WA) ⊂ O A .
If O A is of the form V (ζ0, ζ ;a,b), we may choose WA in such a way that there exists a neighborhood U of s0 in Σ(X),
such that WA and U satisfy the conditions of Lemma 3.2; let U A be the set of all selections s ∈ Σ(X) such that s satisﬁes
the conditions of Lemma 3.2 for all A′ ∈ WA .
If O A is of the form Bε(v), we choose U A to be Σ(X).
Let A1, . . . , Ap be a ﬁnite family of members of C(X) such that X =⋃pi=1WAi . Deﬁne V =⋂pi=1([WAi , O Ai ] ∩ U Ai ).
Notice that V is a neighborhood of s0 in Σ(X). For s1, s2 ∈ V , and every A ∈ C(X), there exists some i such that A ∈ WAi ,
and then s1(A), s2(A) ∈ O Ai , as diam(O Ai ) < δ, therefore s1 and s2 are δ close.
Now we need to prove that ψ(V × V × I) ⊂ V .
Let s1, s2 ∈ V and t ∈ [0, 12 ]. For all A ∈ WAi , we have that s1(A), s2(A) ∈ O Ai , from this ψ(s1, s2, t)(A) ∈ O Ai and there-
fore ψ(s1, s2, t) ∈ [WAi , O Ai ] for all i.
If O Ai is of the form Bε(v), then ψ(s1, s2, t) ∈ U Ai .
If O Ai is of the form V (ζ0, ζ ;a,b), as s1, s2 ∈ U Ai , then φ(s1, s2, t) satisﬁes the conditions to be in U Ai .
Therefore, φ(s1, s2, t) ∈ V and φ(V × V × I) ⊂ V . 
Corollary 3.8. Let X be a smooth fan with space of selections Σ(X), then Σ(X) is an AR, separable complete topological space.
Proof. By Theorem 3.7, Σ(X) is an AR , since Σ(X) is a closed subset of F = { f : C(X) → C(X): f is a map}, then by [9,
4.1.18, 4.2.18, and 4.1.16], Σ(X) is a separable space, and by [9, 4.3.13], is complete. 
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In this section we use the same techniques that were used in [3]. Through all this section X denotes a smooth fan
embedded in the Cantor Fan Fc with vertex v .
Theorem4.1. ([16]) A space Y is homeomorphic to l2 if and only if is an absolute retract, separable complete topological space satisfying
the following condition:
() For every map f :⊕ In → Y and every map ε : Y → (0,1], there exists a map g :⊕ In → Y such that d( f (x), g(x)) < ε( f (x))
for every x ∈⊕ In and also the family {g(In): n 1} is discrete.
Lemma 4.2. Let X be a smooth fan with vertex v, J its longest leg, A0 , A1 two disjoints arcs in J −{v} and σi : C(Ai) → Ai selections
for i = 0,1. Then, there exists a selection s : C(X) → X such that s | Ai = σi and for every A ∈ Cv (X), s(A) = v.
Proof. Since X is embedded in Fc , we may assume without loss of generality that the longest leg J of X is the leg
[0,1] × {0}. By [14, Theorem 3.8], there exists a selection σ : C( J ) → J such that σ | Ai = σi and for every A ∈ Cv ( J ),
σ(A) = v .
Let π : R2 → R be the projection to the ﬁrst coordinate, and for every leg K of X,π−1K , the inverse image of π restricted
to K . Deﬁne s : C(X) → X as follows:
s(A) =
{
v, if A ∈ Cv(X),
π−1K (σ (π(A))), if A ⊂ K , for some leg K of X .
It is easy to see that s satisﬁes the required conditions. 
Now, we are ready to prove the main theorem. We will use mostly the same proof as the one given by Cauty in [3], with
a few changes. We will write here the ﬁrst part of the proof with its appropriate changes, and the rest of the proof can be
found in [3, pp. 785–786].
Theorem 4.3. Let X be a smooth fan with vertex v, space of selections Σ(X), then Σ(X) is homeomorphic to the Hilbert space l2 .
Proof. By Corollary 3.8, we only need to prove that Σ(X) satisﬁes property () of Theorem 4.1.
Let f :⊕ In → Σ(X) and ε : Σ(X) → (0,1] be maps, then f̂ : C(X) × (⊕ In) → X , deﬁned by f̂ (K , x) = f (x)(K ) is a
map.
Let J be the longest leg of X , A0, A1 two disjoints arcs in J − {v}, Ai = [pi,qi] and αi : I → Ai such that d(pi,αi(s)) =
s · d(pi,qi) for every s ∈ I .
For n ∈ N and 0 u  v  1, the formula:
τn0
(
α0
([u, v]))= α0((1− 1
n
)
u + 1
n
v
)
deﬁnes a selection on C(A0), by Lemma 4.2 there exists a selection σ n0 : C(X) → X that extends τn0 .
Notice that:
(1) If K is a nondegenerate subcontinuum of A0, then σ n0 (K ) = σm0 (K ).
For n 1 and 0< s 1, let L(s) = α1([0, s2 ]) and Mn(s) = α1([ s3n , s2 ]). The set
Fn =
⋃
0s1
{
L(s),Mn(s)
}× {s} ∪ Cv( J )
is closed in C(X) × (0,1]. Given
τn1 (L(s), s) = α1
(
s
2
)
,
τn1 (Mn(s), s) = α1
(
s
3n
)
, and
τn(A, s) = v if v ∈ A,1
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βn1 : C( J )× (0,1] → J such that βn1 (K , s) ∈ K for every (K , s) ∈ C( J )× (0,1]. Let π and π−1K be as in Lemma 4.2 and deﬁne
σ n1 : C(X) × (0,1] → X by
σ n1 (A, s) =
{
v if A ∈ Cv(X),
π−1k (β
n
1 (π(A), s)) if A ⊂ K , for some leg K of X .
Then, σ n1 extends τ
n
1 and satisﬁes that σ
n
1 (K , s) ∈ K for every (K , s) ∈ C(X) × (0,1]. For s, t ∈ I , we have that
d(α1(s),α1(t)) = |s − t|d(p1,q1) |s − t|. Hence, for every s ∈ (0,1] and every n 1 we have that
(2) diam(L(s)) s2 and diam(Mn(s)) <
s
2 .
Since C(A0) and C(A1) are closed disjoint subsets of C(X), there exists open sets O 0 and O 1 of C(X) such that C(Ai) ⊂ O i
and Cv (X) ∩ O i = ∅ for i = 0,1.
Let
Hi =
{
(K , s) ∈ C(Ai) × (0,1]: diam(K ) s2
}
and
Ui =
{
(K , s) ∈ O i × (0,1]: diam(K ) < 3s4
}
.
Notice that Ui is open in C(X) × (0,1] and contains Hi that is closed. Therefore, there exists an open set Vi of C(X) ×
(0,1] such that Hi ⊂ Vi and clC(X)×(0,1]Vi ⊂ Ui . Let φi : C(X) × (0,1] → I be a map such that φi(Hi) = 0 and φi((C(X) ×
(0,1]) − Vi) = 1.
For any arc D , if p,q ∈ D and r ∈ [0,1], then the function λ : D × D × I → D given by λ(p,q, r) is the point of the arc
pq ⊂ D , such that d(p, λ(p,q, s)) = rd(p,q) is a well-deﬁned map.
Notice that if (K , ε( f (x))) ∈ (U0 ∪ U1) − (clC(X)×(0,1] V0 ∪ clC(X)×(0,1] V1), then K ⊂ O i , since Cv (X) ∩ O i = ∅, we have
that K is an arc.
For n 1 deﬁne ĝn : C(X) × In → X as follows:
ĝn(K , x) =
⎧⎪⎨⎪⎩
λ(σ n0 (K ), f̂ (K , x),φ0(K , ε( f (x))) if (K , ε( f (x))) ∈ U0,
λ(σ n1 (K , ε( f (x))), f̂ (K , x),φ1(K , ε( f (x)))) if (K , ε( f (x))) ∈ U1,
f̂ (K , x) if (K , ε( f (x))) /∈ clC(X)×(0,1]V0 ∪ clC(X)×(0,1] V1,
from now on the rest of the proof is exactly the same as the one given by R. Cauty in [3, pp. 785–786], which shows that
Σ(X) satisﬁes property () of Theorem 4.1. 
With this we ﬁnish the proof of the main theorem. As it can be noticed, the techniques used here, are intrinsically
related to the fact that X is a smooth fan, in particular, for the proof of Lemma 2.11. From [3], this paper and [14], we know
for dendrites and smooth fans X its space of selections Σ(X) is an AR and is homeomorphic to the Hilbert space l2. The
following questions still remain open.
Question 4.4. Characterize the family of dendroids X, for which its space of selections Σ(X) is an AR.
Question 4.5. Characterize the family of dendroids X, for which its space of selections Σ(X) is homeomorphic to the Hilbert space l2 .
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